In this study, we present a novel numerical scheme for the approximate solutions of linear as well as non-linear ordinary differential equations of fractional order with boundary conditions. This method combines Cosine and Sine (CAS) wavelets together with Green function, called Green-CAS method. The method simplifies the existing CAS wavelet method and does not require conventional operational matrices of integration for certain cases. Quasilinearization technique is used to transform non-linear fractional differential equations to linear equations and then Green-CAS method is applied. Furthermore, the proposed method has also been analyzed for convergence, particularly in the context of error analysis. Sufficient conditions for the existence of unique solutions are established for the boundary value problem under consideration. Moreover, to elaborate the effectiveness and accuracy of the proposed method, results of essential numerical applications have also been documented in graphical as well as tabular form.
Introduction
Fractional calculus, which is the generalization of ordinary integration and differentiation, has become an essential component in recipes for genre of science and engineering. This significance of fractional calculus is its essence of being a potential tool with higher accuracy and concluding precise results in different areas. The distinctive feature of fractional operators is that the fractional differential operators are of non-local character. Hence, the subject takes history along with non-local distributed effects into account [1] [2] [3] . Several problems of physical nature are central to, and crux of fractional differential equation. Recently many researchers have focused on techniques and methods for solving fractional differential equations [4] [5] [6] [7] [8] [9] [10] . In essence, fractional calculus has been deployed for fluid dynamics [11] , bio engineering [12] , electromagnetism [13] , modeling the transfer of heat in heterogeneous media [14] and anomalous diffusion [15, 16] . The manipulative control actions of human operators interacting with fractional-order plants are studied in [17] . The authors introduced a generalized fractional crossover model, which is justified and validated with the experimental data. In [18] , a model is developed by generalizing the crossover model which characterizing the human control of systems with both integer and fractional-order plant dynamics. Present work has examined the characteristics of human control using fractional-order dynamics.
Wavelet analysis is well established and successful mathematical tool with numerous applications in engineering and science. Wavelets consists of expressions of functions expanded as summation of basic functions. These basic functions are achieved by translation and compression of a mother wavelet function. Thus, inheriting properties of locality and smoothness, which makes it easy to study the properties of integer and locality in the process of expressing function [19] . Wavelet has stirred considerable interest in applying them for numerical solutions of classical ordinary and partial differential equations. Recently, researcher have successfully extended some standard wavelet methods for numerical solutions for fractional differential equations as well. It is somehow surprising that among different solution techniques, the Cosine and Sine (CAS) wavelet method have rather less attention. CAS wavelet technique have been used to approximate solutions for Fredholm integral equations [20] , and integro-differential equations [20] [21] [22] . Moreover, CAS wavelet operational matrices have been used to approximate solutions of non-linear Volterra integro-differential equations [23] . The CAS Picard methods has been used to approximate the solutions of non-linear fractional differential equations [24] . Other applications of some wavelet methods in the area of applied mathematics include numerical integration, numerical solutions of fractional ordinary and fractional partial differential equations [25] [26] [27] [28] . Meanwhile, different types of wavelets are used such as the Haar wavelet [29, 30] , B-spline [31] , Daubechies [32] and Legendre wavelet [33, 34] .
The application of Chebyshev wavelets method for numerical solutions of fractional fourth, sixth and eighth order linear and non-linear boundary value problems is considered in [35] . The reproducing kernel Hilbert space method is used in [36] for the solutions of fourth order fractional boundary value problems. In [37] , authors constructed a new pseudospectral integration matrix of any arbitrary order a ∈ R + for the solution of fractional initial and boundary value problems. They used the Chebyshev interpolating polynomial for functions at the Gauss-Lobatto points in [−1, 1]. A novel approach is introduced in [38] for the solution of fractional initial and boundary-values problems. Solution is approximated by the truncated series of fractional powers of the independent variables.
In this paper, we have tried to develop a simple and efficient wavelet-based numerical scheme for solution of fractional differential equations. This technique is based on implementation of Green function along with CAS wavelets. This method is not only easy to implement but also it does not require the conventional operational matrices of integration. The convergence of proposed method has been derived and elaborated in the context of error analysis for further applications. The method has been further analyzed in terms of the efficiency and accuracy by considering a number of documented examples. Moreover, the comparison from these results have also been documented in tabular form against previous studies [39, 40] .
The present paper is organized as follows: In the second section we review some basic definitions needed in the sequel. We give a brief introduction of CAS wavelet method. Moreover, for the sake of completeness, the CAS wavelet operational matrix is also discussed. In Section 3, we present numerical method called Green-CAS method for fractional boundary value problems. The procedure for implementation of the method is also elaborated in this section. In the fourth section of the paper, we establish sufficient conditions for the existence of unique solution for certain class of boundary value problems with mixed boundary conditions. Section 5 gives comparison of the Green-CAS method with some previous studies [39, 40] . The method is tested for a number of problems to study the efficiency and accuracy. Furthermore, in Section 6, we workout error analysis for the method. Finally, in last section we conclude the work.
Fractional Calculus and CAS Wavelets
In this section, we review some basic definitions of fractional calculus. These definitions serve as underpinnings infrastructure for the upcoming section. Definition 1. [41] The Riemann-Liouville fractional integral operator of order α ∈ R + is defined as
for a < t ≤ b.
Definition 2.
[41] The Caputo fractional derivative operator of order α ∈ R + is defined as
for a < t ≤ b, where σ = d dt and n − 1 < α ≤ n, n ∈ N and n = α + 1. Lemma 1. [24] Assume that u r+1 (t) ∈ L 2 [0, 1] is a differentiable and bounded function such that there exits
and u k,M r+1 (t) converges to u r+1 (t) as k, M and r approach ∞.
Wavelets are special kind of family of functions constructed from specific transformations namely translation and dilation of a single function called the mother wavelet,
If the parameter |a| < 1, then the wavelet (4) corresponds to higher frequencies with smaller support in time domain and becomes compressed form of mother wavelet. On contrary, when |a| > 1 the wavelet has larger support in time domain and corresponds to lower frequencies. Discretizing the parameters as a = a −k 0 , b = nb 0 a −k 0 , a 0 > 1, b 0 > 1 where k and n are positive integers, we obtain the following family of discrete wavelets
where ψ k,n (t) form a basis for L 2 (R). In particular, if a 0 = 2 and b 0 = 1, then these wavelets produce an orthonormal basis. The orthonormal CAS wavelets [20] are defined on the interval [0, 1] as
where CASm(t) = cos(2mπt) + sin(2mπt) and n = 1, 2, 3, · · · , 2 k , is the translation parameter. The non-negative integer k is the level of resolution andm is any positive integer. CAS wavelet have compact support, i.e.,
Function Approximations
Any function u(t) ∈ L 2 [0, 1) can be expressed as CAS wavelet series:
where c nm =< u(t), ψ n,m (t) >= 1 0 u(t)ψ n,m (t)dt. Therefore, the series (8) is truncated as
where C and Ψ are vectors of the form
The collocation points for the CAS wavelet are taken as t i = 2i−1 2m , where i = 1, 2, · · · , m. The CAS wavelet matrix Ψ m,m can be written as
If we fix k = 1, M = 1, we have n = 0, 1;m = −1, 0, 1 and i = 1, 2, · · · , 6, then the CAS wavelet matrix is given by
CAS Wavelet Operational Matrix
For simplicity Equation (9) can be written as
where the index i is determined by the expression i = M(2n + 1) + (m + n + 1) and m = 2 k (2M + 1). Any arbitrary function u(t) ∈ L 2 (R) can be expanded in terms of a block-pulse function [42] given as
the term a i is the coefficient of the block-pulse functions b i . So the CAS wavelet can be expanded in terms of block-pulse as
The fractional integral of block-pulse function is given by
where K α m×m is given in [18] with P α m×m = Ψ m×m K α m×m (Ψ m×m ) −1 . The operational matrix P α m×m for α = 0.75 and for fixed values of k = 1 and M = 1 is given by
Approximate Solutions of BVP via Green-CAS Wavelet Method
We present the implementation procedure for the proposed method for solving linear and non-linear ordinary fractional boundary value problems numerically, called Green-CAS technique. In general, this method does not require the use of operational matrix for fractional differential equation. Interestingly, accuracy is not compromised, rather enhanced by using Green-CAS method for solving fractional boundary value problems.
Consider the following class of fractional boundary value problem:
is the solution of Equation (17) if and only if u(t) satisfies the following Fredholm integral equation
where
The graph for the function in Equation (19), for α = 2, k = 3, and M = 5, is shown in Figure 1 . 
Numerical Procedure to Fractional Linear Differential Equations
In this subsection, we describe the procedure of implementation of Green-CAS method to approximate the numerical solutions for the linear fractional differential equations with boundary conditions. Consider the class of linear fractional differential equations
with Dirichlet boundary condition
or mixed boundary conditions of the form
where t ∈ [0, 1] and p 1 , p 2 , q 1 , q 2 , r 1 and r 2 are constants and g is a linear function. Case #1 Equation (20) with Dirichlet boundary condition (21) . Approximate the higher order derivative term as
Applying the fractional integral operator on both sides of Equation (23), we get
Using the boundary conditions (21) , Equation (24) becomes
Differentiating both sides of the Equation (25)
Similarly taking β order derivative on both sides in Equation (25)
Inserting (23), (26), (28) and (30) into (20), we obtain
. The Equation (31) at the collocation points t i = 2i−1 2m , i = 1, 2, , 3, · · · , m, in matrix form is
Case #2(a) Equation (20) with mixed boundary condition 22 (1), Equation (24) can be written as
Again, the first order and β order derivative of u in Equation (33) has the form
Substituting equations (23) and (34)- (36) into Equation (20), we have
where K T is known vector that is the approximation of function
Case #2(b) Equation (20) with mixed boundary condition 22 (2) , the Equation (24) becomes
Again, the first order and β-order derivative of u in Equation (38) has the form
Using (23) and (39)- (41) in (20), we obtain
The Equation (42) can be written in vector form and in matrix notation once the collocation points t i = 2i−1 2m , i = 1, 2, , 3, · · · , m, are used
For the sake of convenience, we use some matrix notations. TheĜ 1 ,Ĝ 2 , · · · ,Ĝ 7 , can be obtain by using CAS wavelet approximations and orthogonality property of wavelets. For example, the Green function can be approximated by CAS wavelet as follows
By using the orthogonality of the sequence {ψ n,m (t)} on [0, 1], we get
where I m×m is an identity matrix with dimension m × m. Similarly,
where C = {C 1 , C 2 , C 3 , · · · , C m } is an unknown vector, and A, B, D are the diagonal matrices given by
The Green-CAS wavelet coefficient vector C can be obtained from the algebraic equations (32) and (37) or (32) and (43) . This in turn gives the approximate solution when inserted in (26) , (34) and (39) respectively.
Existence and Uniqueness
The primary objective of this paper is to develop a numerical scheme for fractional boundary value problems. In practice, however, one may be typically interested in finding the conditions for the existence of solutions on given domain. We know establish the conditions under which there exists unique solution of fractional boundary value problems. There is a vast literature on the existence theory of fractional boundary value problems. We refer the interested readers to [44] [45] [46] [47] and references therein. We examine the existence and uniqueness of solution for the class of fractional differential equations (20) subject to relatively general mixed boundary conditions
where µ 1 , µ 2 , η 1 , η 2 , p, q ∈ R. Please note that for µ 1 = 1, µ 2 = 0, and p = p 1 , and η 1 = 1, η 2 = 0, q = p 2 , the boundary conditions (45) reduce to boundary condition in (21) . Furthermore, for µ 1 = 0, µ 2 = 1, and p = q 1 , and η 1 = 1, η 2 = 0, q = q 2 , the boundary conditions (45) reduce to boundary the first condition in (22) . Finally, for µ 1 = 1, µ 2 = 0, and p = r 1 , and η 1 = 0, η 2 = 1, q = r 2 , the boundary conditions (45) reduces to the second boundary condition in (22) . For convenience, we introduce following notations:
In the following, we transform the boundary value problem (20) and (45) to an equivalent integral equation. 
We . It is to be noted that
Therefore, from Equation (47), we have following estimate for G:
Similarly, we have
Therefore, inequality (49) may further be refined as |Ψu(t)| ≤ 1 Γ(α) (f + RA)B) ≤ R 3 . By similar argument, we have the estimates |Ψ u(t)| ≤ 1
Hence Ψ : Ω → Ω. Now, we prove that Ψ is contraction. Let u,ũ ∈ Ω. Then, we have
Therefore, from (48) and above inequality, we have following estimates
Thus, Ψ is contraction. By contraction mapping theorem, there exists a unique solution of the boundary value problem (20) and (45) . 
Applications
In this section, we discuss some numerical examples to test the accuracy of the proposed Green-CAS method. The results are compared with some other numerical methods available in literature.
Linear Case
We implement the Green-CAS wavelet to solve the linear fractional differential equations with boundary conditions.
with boundary conditions u(0) = 0, u(1) = 0.
If a(t) = sin(t) cos(t) and g(t) = Γ(α+2)
then one can find the analytic solution of the above system as u(t) = t(t α − t). The numerical solutions are obtained by the proposed method discussed in the above section. The absolute error between exact and numerical solutions for the different values of α, k and M are shown in Table 1 . The numerical solutions obtained from Green-CAS method are documented in a graphical form in Figure 2 for different values of α. The maximum absolute error decrease by increasing value of M and k. 
The approximate solutions are obtained for different values of α by the Green-CAS method, as discussed in Section 3. For the case, when α = 2, the absolute error for M = 4 and k = 9 are presented in Table 2 . Also, numerical results of proposed method are compared with the results of Haar wavelets method [30] and the method based on Taylor's expansion [48] . The comparison shows that the present method is quite satisfactory and competitive with other methods. 
subject to the boundary conditions u(0) = u 0 , u(1) = u 1 .
For Bagley-Torvik equation we substitute the values α = 2, β = 1.5, a(t) = b(t) = c(t) = 1, and g(t) = 2 + 4 t π + t 2 in (52). It can be conventionally verified that the exact solution to Equation (52) is u(t) = t 2 . For numerical solutions at α = 2 and β = 1.5, the algebraic matrix form of Equation (52) after applying Green-CAS method becomes
where F T is the evaluation of the function f (t) = 2 + 4 t π + t 2 − t at the collocation points. The approximate solution of Equation (52) for the values α = 2 and 0 < β ≤ 1, we get
where H T is a vector of the function h(t) = 2 + 3 3−β t 2−β + t 2 − t at the collocation points. The absolute error is obtained from the exact and numerical solution at fixed values of α = 2 and different values of β as shown in the tabular form in Table 3 . .03248 × 10 −5 6.80420 × 10 −5 5.34518 × 10 −5
Non-Linear Case
The technique named quasilinearization was presented by Kalabas and Bellman [49] as a generalization of a specific method (Newton-Raphson) [43] which assist in solving the non-linear ordinary and partial differential equations. We briefly explain implementation procedure for the quasilinearization technique for linearizing non-linear fractional differential equations. Let us consider the non-linear fractional boundary value problem
subject to the boundary conditions u(0) = µ and u(1) = ω. Suppose the initial approximation of the function u(t) is u 0 (t). Applying the quasilinearization technique about u 0 to Equation (56), we have D α t (t) = g(t, u 0 (t)) + [u(t) − u 0 (t)]g u 0 (t, u 0 (t)).
which is a linear equation, solving (57) for u(t), denoting it u 1 (t) and expanding (56) about u 1 (t), we have
which is a third approximation. Assume that the iterative procedure is convergent. We continue the process till the desired accuracy is obtained. The recurrence relation can be written in the form
which is a sequence of linear fractional differential equations and the function u r (t) is known function which can be used to find u r+1 (t) ∼ = u(t).
Example 4. Temperature distribution equation.
Consider the following mathematical model which describes the temperature distribution in lumped system of combined convection-radiation in a slab made of materials with variable thermal conductivity
subject to the boundary conditions u (0) = 0 and u(1) = 1, where u = T−T a T i −T a and t =
x Vρc a /Ah are dimensionless temperature and time respectively and η = (T − T a )β, where V, A, ρ, c, T i , T a , c a and h are the volume, surface area, density, specific heat, the initial temperature, temperature of the convection environment, specific heat at temperature T a and heat transfer coefficient of the lumped system, respectively. Using quasilinearization technique we get the linear fractional differential equation of the form
with boundary conditions u n+1 (0) = 0 and u n+1 (1) = 1. This boundary value problem is solved by the procedure discuss in Section 3. Table 4 contains the numerical solutions achieved by the Green-CAS along the method discuss in [39, 40] . It indicates that the results obtained by proposed method are quite better. We compare our method with numerical solution provided by MAPLE [40] and generalized approximation method y GA [39] and homotopy perturbation method y HPM [39] . The numerical solutions for different values of η and α are documented in the graphical form in the Figure 3 . Also Figure 4 shows the numerical solutions for k = 3, M = 4, η = 1.5 and different values of α. 
subject to the boundary conditions
For α = 2 and β = 1 the exact solution of Equation (63) is u(t) = 1 + cos(t). Now applying the quasilinearization to the (63), we get the sequence of linear fractional differential equation as
with u n+1 (0) = 2, u n+1 (1) = 1 + cos (1) . The Equation (65) is linear and for numerical solution we use the method which is discussed in Section 3. In Table 5 the absolute error of the exact and numerical solutions for different values of k and M are presented. We observe that the error decrease by increasing the values of k and M, as promised in convergence analysis. The numerical solutions are shown in the Figure 5 for different values of α which tend to the exact solution when α approaches 2. 
Error Analysis
In this part, we derive inequality in context of upper bound which shows the convergence of Green-CAS method. The convergence of CAS wavelet is given in [40] . By following the similar procedure, we extend the analysis for the present Green-CAS method. Theorem 2. Suppose that the u r+1 (t) is continuous and bounded on [0, 1] that is there exist γ > 0 |u r+1 (t)| ≤ γ ∀ t ∈ [0, 1]. and also assume that u k,M r+1 (t) is approximation of u r+1 (t), then we have |u k,M r+1 (t) − u r+1 (t)| ≤ 
with boundary conditions u(0) = u 0 , u(1) = u 1 . The integral representation of above equation 66 after using boundary conditions, can be written as
where h(t) = (u 1 − u 0 )t + u 0 . Applying the quasilinearization technique to Equation (67), we have u r+1 (t) = g(t) + 1 0 f u r (u r (ξ), ξ)G(t, ξ)u r+1 (ξ)dξ,
where g(t) = h(t) + 1 0 G(t, ξ) f (u r (ξ), ξ) − u r (ξ) f u r (u r (ξ), ξ) dξ and u r (t) is known and can be used to obtained u r+1 (t). Let u k,M r+1 (t) be the approximation of u r+1 (t), by Green-CAS method, then we have
From Equations (68) and (69), we have
Therefore, from the Lemma 3 we have,
Letting N = max| f u r (u r (ξ), ξ)|. The value of 1 0 G(t, ξ)dξ is
as −t ≤ 0 since t ∈ [0, 1]. Therefore 1 0 G(t, ξ)dξ ≤ t α Γ(α + 1)
Therefore, using (72) into (71), we obtain
(73)
Conclusions
A novel method named Green-CAS method has been developed for solving linear and non-linear fractional differential equations with boundary conditions. One of the advantages of this method is that it is considerably simple and easy to implement. To check the reliability and accuracy of the method we tested the method on different physical and hypothetical models. According to Table 4 , our results are better than generalized approximation method and homotopy perturbation method, and are in good agreement with exact solution.
The method may be extended to solve boundary value problems for partial differential equations and fractional differential equations appearing in mathematical modeling and engineering applications. 
